Introduction
The aim of this paper is to study the McShane and the Kurzweil-Henstock integrals for functions defined on a bounded interval of the real line and taking values in a locally convex space. It is known that for Banach valued functions, Henstock Lemma may fail to be true. Banach spaces for which this lemma holds have been characterized by Skvortsov and Solodov in [14] and by Di Piazza and Musia l in [3] . Nakanishi in [10] and Sakurada and Nakanishi in [11] extended the McShane and the Kurzweil-Henstock integrals to functions taking values in vector spaces called (UCs-N) spaces. The Banach spaces, the Fréchet spaces and the strict inductive limits of Fréchet spaces can be defined as complete (UCs-N) spaces. In particular, they proved that if f : [a, b] → X is a McShane or Kurzweil-Henstock integrable function and X is a Hilbertian (UCs-N) space endowed with nuclearity, Henstock Lemma holds. It is natural to ask for which locally convex spaces the lemma is true.
We define (see § 3) the McShane and the Kurzweil-Henstock integrals for functions taking values in a locally convex space and study their properties.
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In § 4 we establish that the McShane integral lies between the Bochner and the Pettis integral.
The main result of the paper is that in a Fréchet space Henstock Lemma holds true if and only if the space is endowed with nuclearity (Theorem 4).
Definitions and notation
Let X be a Hausdorff locally convex topological vector space (briefly a locally convex space) with its topology T and topological dual X * . P(X) denotes a family of T -continuous seminorms on X so that the topology is generated by P(X). For p ∈ P(X), let V p = {x ∈ X : p(x) 1}, so that V 0 p , the polar of V p in X * , is a weak * -closed, absolutely convex equicontinuous set in X * .
For a set E of the real numbers |E|, χ E and ∂(E) denote respectively the Lebesgue outer measure, the characteristic function and the boundary of E. A set E ⊂ is called negligible if |E| = 0. F denotes the family of all Lebesgue measurable subsets of [0, 1]. The word "measurable" as well as the expression "almost everywhere" (abbreviated as a.e.) always refer to the Lebesgue measure. An interval is a compact subinterval of . A collection of intervals is called nonoverlapping if their interiors are disjoint. The symbol I denotes the family of all subintervals of
. . , s}, where I 1 , . . . , I s are nonoverlapping subintervals of [0, 1] and t 1 , . . . , t s ∈ [0, 1]. Given a set E ⊂ , we say that P is
A function f : [0, 1] → X is called weakly-measurable if the function x * f is measurable for every x * ∈ X * .
We recall the following definitions (see [2, Definition 2.4 
]).
Definition 1. A function f : [0, 1] → X is said to be strongly (or Bochner) integrable if there exists a sequence (f n ) n of simple functions such that
and p ∈ P(X), and for all p ∈ P(X) lim
In this case we put (B) A f = lim n→∞ A f n . Definition 2. A function f : [0, 1] → X is said to be integrable by seminorm if for any p ∈ P(X) there exist a sequence (f p n ) n of simple functions and a subset
Clearly a Bochner integrable function is integrable by seminorms, and the two definitions coincide in a Banach space. 
The set function ν : F → X is called the indefinite Pettis integral of f . It is known that ν is a countably additive vector measure, continuous with respect to the Lebesgue measure (in the sense that if |E| = 0 then ν(E) = 0).
McShane and Kurzweil-Henstock integrals
From now on X will be a complete locally convex space. 
) and let w 1 and w 2 be two vectors satisfying Definition 4. Choose ε > 0, p ∈ P(X) and find gauges δ
From the arbitrariness of ε we get that p(w 1 − w 2 ) = 0 for all p ∈ P(X). Since the space X is Hausdorff it is separated, hence w 1 = w 2 .
The following proposition can be proved in a standard way. 
. Necessity can be proved in a standard way. To prove sufficiency, given ε > 0 and p ∈ P(X) there exists a gauge δ p on [0, 1] such that
n. Now let L = {p 1 , . . . , p k } be a finite subset of P(X). Since P(X) is filtering, we can find a seminorm p L ∈ P(X) and a constant c L 1 such that for every i ∈ {1, . . . , k} and x ∈ X,
Without 
m -fine and hence also δ {p} m -fine, and analogously if (K , n) ({p}, N ), the partition P K n is δ K n -fine and hence also δ (1) and (2):
As the space X is complete there exists a vector w such that the net {σ(f, P L m ) : (L , m) ∈ D} converges to w. We want to prove that w is the integral of f . To do this fix ε > 0 and let q ∈ P(X). Since {σ(f, P L m ) : (L , m) ∈ D} converges to w there exists a natural number N with 1/N < 1 2 ε such that
. By (4) and (3) we obtain
and the assertion follows.
The following lemma can be proved, as in the real case, by the Cauchy test.
Remark 1. If the previous inequality holds when the seminorm p is inside the summation sign Σ, the function f is said to satisfy Henstock Lemma. For real valued functions Henstock Lemma is satisfied by every McS-integrable (or KH-integrable) function. For vector valued functions this is no longer true.
Relation between the McShane and the Kurzweil-Henstock integrals and other types of integral
In this section we will establish some relations between the integrals defined by means of Riemann sums and the Bochner and the Pettis integral.
We recall that a function f : [0, 1] → X is called simple if there exist x 1 , x 2 , . . . ,
Following an idea of Fremlin ([5] ), we will prove that each integrable by seminorm function is McS-integrable. First we need the following lemmas.
. Since the McS-integral is linear, it is sufficient to consider the case f (x) = χ E (x) · w where E is a measurable set in [0, 1] and w is a non null vector in X. For each I ∈ I put F (I) = |E ∩ I| · w. Choose an open set G and a closed set F such that F ⊂ E ⊂ G. Define a gauge δ p on [0, 1] in the following way:
If p(w) = 0 the assertion follows trivially, otherwise we choose F and G such that
Lemma 4. Let f : [0, 1] → X be a function. Given ε > 0 and p ∈ P(X), there is a gauge δ p such that 
Hence from (5)
Proposition 3. Let f : [0, 1] → X be a function which is integrable by seminorm. Then it is McS-integrable (and also KH-integrable) and the two integrals coincide.
The function ϕ p is McS-integrable as we have already proved, thus there is a gauge δ 1 p such that
for each δ 
p } and take a δ p -fine partition P = {(I i , t i ) : i = 1, . . . , s} of [0, 1]. Then by (8) , (7) and (6) we have
which implies the McS-integrability of f .
Since a Bochner integrable function is integrable by seminorm we get [0, 1], X) ). In this case we have
h. Now we are going to see when a KH-integrable function is integrable by seminorm.
The necessity has been proved in Proposition 3. For the converse implication, we observe that if f : [0, 1] → X is a measurable by seminorm function such that for each p ∈ P(X), the real valued function p f (x) is KH-integrable, then p f (x) is integrable. So the assertion follows by ([2, Theorem 2.10]).
We investigate now the relationship between the Pettis and the McShane integral. For each p ∈ P(X), p 
Indeed, let w denote the McS-integral (KH-integral) of f . Choose ε > 0, p ∈ P(X) and find a gauge δ p such that (9) p σ(f, P) − w < ε for each δ p -fine partition (Perron partition) P = {(I i , t i ) :
The symbol ϕ denotes the null vector of X. If V is a convex, balanced neighbourhood of ϕ, denote by M V (x) = inf{λ : x/λ ∈ V, λ > 0} the Minkowski functional of V . Then M V is a continuous seminorm on X and X V = X/M −1 V (0) is a normed linear space.
We recall the following definitions (see [12] ):
Definition 5. Let X be a locally convex space and Y a Banach space. A linear operator T : X → Y is called a nuclear operator if
where {f n } n is an equi-continuous sequence of continuous linear functionals on X, {y n } n is a bounded sequence of elements in Y and {c n } n is a sequence of nonnegative numbers with
Definition 6. A locally convex space X is called a nuclear space if, for any convex balanced neighborhood V of ϕ, there exists another convex balanced neighborhood U ⊆ V of ϕ such that the canonical mapping
whereX V is the completion of X V , is nuclear.
We recall that a locally convex space X is a Fréchet space or simply an (F)-space if it is a complete space in which the topology is induced by a sequence of pseudonorms. A series 
. Assume that X is a nuclear (F)-space and let {p n } ∞ n=1 be a sequence of seminorms determining the topology of X. For each n, X n is the completion of the quotient space X/p −1 n (0). We can suppose that the sequence {p n } ∞ n=1 is increasing, then there is a natural continuous embedding π n : X n+1 → X n of the space X n+1 into the space X n . Since the space X is nuclear, for each n, π n is an absolutely summing operator (see [12, 4.4.6] ), that is, there exists a positive constant C n such that, for arbitrary x 1 , . . . , x l ∈ X,
In fact, let us expand θ i into the dyadic form
. . , p(x R )} and choose a positive real number such that K3 R+1 < 1 2 ε. Define δ p (ξ) as follows:
Let us estimate the two sums separately. From the definition of f and of δ p (ξ) for ξ ∈ U For r R we can find numbers θ r for which |θ r | < 1 and
x r θ r < ε 2 .
From (11), (12) and (13) we obtain
Therefore the function f is McS-integrable with the integral equal to ϕ. Now let Define a gauge δ p relatively to ε 0 as before. Let N be a natural number for which which is in contradiction with the hypothesis that Henstock Lemma is valid. Therefore the assertion holds.
